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The existence of a solution to the initial value problem 
x’(t) E R(t, x(t)) X(O) = x0 , (1) 
where R(t, x) is a compact subset of Euclidean n-space for real t and x E Rfl, 
has been proved by Castaing [l, Theorem 21 for convex-valued R and by 
Filippov [2, Th eorem I] for R satisfying a Lipschitz condition. In [1] it 
was also shown that the set of solutions to (1) has upper semicontinuous 
dependence on the initial point. Theorem 2 below will show that under the 
joint assumption of convexity and a Lipschitz condition on R, the set of 
solutions to (1) has continuous dependence on the initial point. This result is 
based on the following theorem on the stability of the fixed point set of a 
set-valued contraction. 
THEOREM 1. [3]. Let A be a closed bounded subset of a Hilbert space with 
norm d and Hausdor- metric h generated by d. If  {F,}, k = 0, 1, 2,..., is a 
family of maps satisfying 
(1) Fk(x) is a nonempty closed convex subset of A for each x E A. 
(2) W’&), F,(Y)) < Kd(x, Y>, K E LO> I>, for x, Y E A. 
(3) lim,,, h(Fk(x), F,(x)) = 0, un$ormZy for x E A. 
Then the $xed point sets of the sequence (F,}, k = 1, 2,. .., converge to the fixed 
point set of F, in the h metric. 
B will denote an origin-centered closed ball in Rn of radius r, and C(B) 
is the family of nonempty closed convex subsets of B with Hausdorff metric D 
generated by the norm 11 . // of R*. C[O, a] (C,[O, a]) will denote the continuous 
maps of [0, a] into R” with the sup norm (and satisfying a Lipschitz condition 
with constant r). It is easily seen that C,[O, a] is a closed subset ofL,[O, a], the 
square integrable maps of [0, a] into R” with the usual norm. A solution to (1) 
will be any absolutely continuous map y  with y’(t) E R(t, y(t)) a.e., and 
Y(O) = x0 . 
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We assume that the right side of (1) satisfies the conditions: 
(a) R is a continuous map of [0, a] x B into C(B); 
(b) W(t, 4, R(t, Y)) < k II x - y II , h 3 0. 
By the existence theorem of Castaing [ 11, condition a is sufficient to guarantee 
a solution of (1) on [0, a]. For each b E B, denote the set of solutions to (1) 
with initial value b by 
33 = [Y E C,[O, a]:y(t) = b + jot x(s) ds, x(s) ER(s, y(s))/ . 
The result in [l] also asserts that S(b) is a compact subset of CIO, Q], and 
hence a closed subset of L,[O, a]. 
THEOREM 2. The map S of B into the nonempty closed subsets of L,[O, a] 
is continuous with respect to the Hausdorff metric generated by the norm of 
L,[O, a], provided K(u)~/~ < 1. 
Proof. By the above remarks concerning S, we need only establish the 
continuity of S. Define the map G of B x C,.[O, a] into the nonempty subsets 
of W, 4 by 
G(b, x) = 1 y E C,[O, a]: y(t) = b + s,’ z(s) ds, x(s) E R(s, x(s))\ . 
The remainder of the proof consists of showing that any sequence of maps 
(G(b% , .)}, where b, ---f b, E B, satisfies the conditions of Theorem 1. 
By a result of Bridgeland [4, Theorem 3. I], G(b, X) is a nonempty compact 
convex subset of C[O, a] and, therefore, a closed convex subset of L,[O, a]. 
Given any pair x1 , x2 E C,[O, a] and yr E G(b, x,), let 
~~(4 = b + jot rI(4  r&l E R(s, x1(4). 
By a result of Filippov [2, Lemma 41, there is a measurable r2 such that 
rZ(s) E R(s, x2(s)) a.e. and 
/I r&) - rds)II = infIll rl(s) - x II: z E W, x&)2 
a.e. Setting 
t y2(t) = b + 
I r&) 4 o 
GENERAL DIFFERENTIAL EQUATIONS 
we have the inequality 
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( joa II Yl(4 - Y2M12 ds)liZ 
= ( jo@ 1) jos (Yl(4 - y&N au 112 qz * G w1’2 (joO II x1(4 - ~z(~)ll” q. 
This proves that G(b, -) is contractive with respect to the Hausdori? metric 
generated by the L,[O, a] norm. 
In order to show that 
lim G(b, , x) = G(b, , x) n-tm 
uniformly for x E C,[O, a], we observe that for any ypz E G(b, , x), there is a 
y0 E G(b, , x) such that 
(joO IIY&> - YO(~)II~ ds)li2 = (joa II b, - b, II2 d~)l’~. 
The theorem follows by application of Theorem 1 to the family of maps 
{G(bn , n)} defined on the closed bounded subset C,[O, a] of the Hilbert space 
L,P, 4. 
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